Let Σ denote the class of bi-univalent functions f , that is, both f (z) = z + a 2 z 2 + a 3 z 3 + . . . and its inverse f −1 are analytic and univalent in the open unit disk U = {z : |z| < 1}. In this paper, making use of the Faber polynomials, we obtain coefficient expansions for bi-quasiconvex functions and determine coefficient estimates for such functions.
Introduction
Let A denote the class of functions analytic in the open unit disk U = {z ∈ C : |z| < 1} and having the power series expansion f (z) = z + ∞ n=2 a n z n , (z ∈ U ).
Further, let S denote the class of functions f ∈ A which are univalent and normalized in U .
For β; 0 ≤ β < 1, we let S * (β) be the class of functions g ∈ S that are starlike of order β in U , K(β) be the class of functions g ∈ S that are convex functions of order β in U and Q(β) be the class of functions f ∈ S that are quasi-convex of order β in U respectively. Their analytic descriptions are S * (β) = g : g ∈ S and Re zg (z) g(z) > β, (z ∈ U ) K(β) = g : g ∈ S and Re 1 + zg (z) g (z) > β, (z ∈ U ) Q(β) = f : f ∈ S and Re z(zf (z)) g(z) > β, g ∈ S * (0) = S * , (z ∈ U )
The Koebe one-quarter theorem [5] ensures that the image of U under every univalent function f ∈ A contains a disk of radius 1 4 . Thus, every univalent function f ∈ S has an inverse F = f −1 which satisfying f
In fact, the inverse function f −1 is given by
A function f ∈ A is said to be bi-univalent in U if both f (z) and f −1 (z) are univalent in U . Similarly, a function f ∈ A is said to be bi-quasi-convex of order β if both f and F = f −1 are bi-quasi-convex of order β in U . Let Σ denotes the class of bi-univalent functions in U given by (1) . Examples of functions in the class Σ are
and so on.
The class of bi-univalent functions was first introduced and studied by Lewin [9] where it was proved that |a 2 | < 1.51. Brannan and Clunie [3] developed Lewin's result to |a 2 | ≤ √ 2. Brannan and Taha [4] introduced certain subclasses of bi-univalent functions namely bi-starlike functions S * Σ (β) and biconvex functions K Σ (β) of order β corresponding to the function classes S * (β) and K(β) respectively. In fact, the aforementioned work of Srivastava et al. [11] essentially revived the investigation of various subclasses of bi-univalent function class Σ in recent years. There are many mathematicians found bounds for several subclasses of bi-univalent functions. Motivated by the work of Janteng et al. [8] and recent publications ( [7] and [10] ) which are applying Faber polynomial, we consider the following subclasses of bi-quasi-convex functions of the function class Σ.
In this present paper, we introduce a subclass of bi-quasi-convex functions by making use of Faber polynomial expansions to determine the estimates on the coefficient |a n | of such functions. Faber polynomial, played a considerable act in geometric function theory which introduced by Faber [6] .
First, we give the definition of the class of bi-quasi-convex functions as follows. (1) is said to be in the class of bi-quasi-convex functions, Q Σ (β) with 0 ≤ β < 1, if there exists a starlike function g(z) ∈ S * and satisfy the following conditions: (1) is said to be in the class Q Σ (λ, β) with (0 ≤ β < 1, 0 ≤ λ < 1), if there exists a starlike function, g(z) ∈ S * and satisfy the following conditions:
Notice that, for λ = 0, we have
In order to derive our main results, we need the following results.
is given in terms of the Faber polynomials of f with
where V j is a homogeneous polynomial in the variables a 2 , a 3 , , a n [2] . Especially, the first few terms of K −n n−1 are a 2 , a 3 , . . . , a n ) is given by:
where Z = 0, ∓1, ∓2, and a 2 , a 3 , ) and by [12] ,
and the sum is taken over all nonnegative integers µ 1 , , µ n−1 satisfying the following conditions:
It is clear that
The following is the general coefficient estimate of functions in Q Σ (β) and Q Σ (λ, β).
Proof Let f ∈ Q Σ (β) be given by (1). Therefore, there exists a function
By using Faber polynomial expansion, we obtain
For inverse map F = f −1 there exists a function G(w) = w + ∞ n=2 B n w n ∈ S * so that
According to (7), the Faber polynomial series of the inverse map
On the other hand, since f ∈ Q Σ (β) in U , there exists a positive real part function p(z) = 1 + ∞ n=1 c n z n ∈ P , so that
Similar for
Note that, by using Lemma 2.1, we have |c n | ≤ 2 and |d n | ≤ 2. Compare the coefficient of equation (7) and (9), for any n ≥ 2, yields:
same for equation (8) and (10), we obtain:
(12) For special case n = 2, equation (11) and (12) respectively, yield:
Now, solving for a 2 and taking modulus, we have
For a k = 0, 2 ≤ k ≤ n − 1, we obtain the following from equation (11) and (12) respectively, (n 2 a n − b n ) = (1 − β)c n−1
and
By using Lemma 2.1, where |c n | ≤ 2 and |d n | ≤ 2 for n ∈ N and taking the absolute values of equation (13) and (14) for |b n | ≤ n and |B n | ≤ n, we get
which complete the proof of Theorem 2.2.
Proof Let f ∈ Q Σ (λ, β) be given by (1) . Therefore, there exists a function
According to (16), the Faber polynomial series of the inverse map
On the other hand, since f ∈ Q Σ (λ, β) in U , there exists a positive real part function p(z) = 1 + ∞ n=1 c n z n ∈ P , so that
Note that, by using Lemma 2.1, we have |c n | ≤ 2 and |d n | ≤ 2. Compare the coefficient of equation (16) and (18), for any n ≥ 2, yields:
same for equation (17) and (19), we obtain: For a k = 0, 2 ≤ k ≤ n − 1, we obtain the following from equation (20) and (21) respectively, ((1 + (n − 1)λ)n 2 a n − b n ) = (1 − β)c n−1
and −((1 + (n − 1)λ)n 2 a n + B n ) = (1 − β)d n−1
By using Lemma 2.1, where |c n | ≤ 2 and |d n | ≤ 2 for n ∈ N and taking the absolute values of equation (22) and (23) for |b n | ≤ n and |B n | ≤ n, we get |a n | ≤ 2(1 − β) + n n 2 (1 + (n − 1)λ) which complete the proof of Theorem 2.3.
Notice that, for λ = 0 in Theorem 2.3, we obtain Theorem 2.2.
